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Abstract
Let G = (V,E) be a graph. A subset D of V is called an equitable
dominating set of a graph G if for every v ∈ V −D, there exists a vertex
v ∈ D such that uv ∈ E(G) and |deg(u) − deg(v)| ≤ 1, where deg(u)
is the degree of u and deg(v) is the degree of v in G. An equitable
dominating set D is said to be a connected equitable dominating set
if the subgraph 〈D〉 induced by D is connected. The minimum of the
cardinalities of the connected equitable dominating sets of G is called the
connected equitable domination number and denoted by γce(G) In this
paper we introduce the connected equitable domination and connected
equitable domatic in a graph, bounds for γce(G), dce(G) and its exact
values for some standard graphs are found.
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Keywords: Connected equitable domination number, Connected equi-
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1 Introduction
By a graph G = (V,E) we mean a finite, undirected with neither loops nor
multiple edges the order and size of G are denoted by p and q respectively for
graph theoretic terminology we refer to Chartrand and Lesnaik [1] A subset
S of V is called a dominating set if N [S] = V the minimum (maximum)
cardinality of a minimal dominating set of G is called the domination number
(upper domination number) of G and is denoted by γ(G), (Γ(G)). An excellent
treatment of the fundamentals of domination is given in the book by Haynes
etal [3] A survey of several advanced topics in domination is given in the book
edited by Haynes et al. [4]. Various types of domination have been defined and
studied by several authors and more than 75 models of domination are listed in
the appendix of Haynes et al. [4]. Sampathkumar and Walikar [6] introduced
the concept of connected domination in graphs. Let G = (V,E) be a graph and
let v ∈ V the open neighborhood and the closed neighborhood of v are denoted
by N(v) and N [v] = N(v) ∪ v respectively. If S ⊆ V then N(S) = ∪v∈SN(v)
and N [S] = N(S) ∪ S. If S ⊆ V and u ∈ S then the private neighbor set of u
with respect to S is defined by Pn[u, S] = {v : N [v] ∩ S = {u}}.
A dominating set S of G is called a connected dominating set if the induced
subgraph 〈S〉 is connected the minimum cardinality of a connected dominating
set of G is called the connected domination number of G and is denoted by
γc(G).
A subset S of V is called an equitable dominating set if for every v ∈ V − S
there exist a vertex u ∈ S such that uv ∈ E(G) and |deg(u) − deg(v)| ≤ 1.
The minimum cardinality of such an equitable dominating set is denoted by
γe(G) and is called the equitable domination number of G. A vertex u is said
to be degree equitable with a vertex v ∈ V if |deg(u)− deg(v)| ≤ 1. If S is an
equitable dominating set then any super set of S is an equitable dominating
set. An equitable set S is said to be a minimal equitable dominating set
if no proper subset of S is an equitable dominating set. If u ∈ V such that
|deg(u)−deg(v)| ≥ 2 for every v ∈ N(u) then u is in every equitable dominating
set such vertices are called an equitable isolated. Ie denotes the set of all
equitable isolated. Let G = (V,E) be a graph and let u ∈ V the equitable
neighborhood of u denoted by Ne(u) is defined as Ne(u) = {v ∈ V : |v ∈
N(u), |deg(u)−deg(v)| ≤ 1}. The maximum and minimum equitable degree of
a vertex in G are denoted by Δe(G) and δe(G) that is Δe(G) = maxu∈V |Ne(u)|
and δe(G) = minu∈V |Ne(u)|. The open equitable neighbourhood and closed
equitable neighbourhood of v are denoted by Ne(v) and Ne[v] = Ne(v) ∪ {v}
respectively. If S ⊆ V then Ne(S) = ∪v∈SNe(v) and N [S] = Ne(S) ∪ S. If
S ⊆ V and u ∈ S then the private equitable neighbor set of u with respect to
S is defined by pne[u, S] = Ne[u]−Ne[S − {u}].
If G is connected graph, then a vertex cut of G is a subset R of V with the
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property that the subgraph of G induced by V −R is disconnected. If G is not
a complete Graph, then the vertex connectivity number k(G) is the minimum
cardinality of a vertex cut. It is a convention that if G is complete graph Kp
it is known that k(G) = p− 1.
2 Connected Equitable Domination In Graphs
Definition. Let G = (V,E) be a connected graph. An equitable dominating
set S of a graph G is called the connected equitable dominating set (ced-set)
if the induced subgraph 〈S〉 is connected the minimum cardinality of a ced-set
of G is called the connected equitable domination number of G and is denoted
by γce(G).
We supposed that G is connected because if the graph has more than one
component the equitable dominating set has at least one vertex from every
component of G and then 〈D〉 is not connected, and conversely if G has a
minimum connected equitable dominating set D and hence connected equitable
number then then 〈D〉 is connected that means G is connected according to
that we state the following observation.
Theorem 2.1 A connected equitable dominating set exist for a graph G if
and only if G is connected.
Example. Let G be a graph as in the Figure 1, we can find the domina-
tion number, connected domination number, equitable domination number
and connected equitable domination number as the following:






In the following Theorem the proof is straightforward from the definition of
the connected equitable domination number of a graph.
Theorem 2.2 The connected equitable domination number of some stan-
dard graphs are
126 S. Sivakumar, N. D. Soner, Anwar Alwardi and G. Deepak
1. γce(Kp) = 1
2. γce(Pp) = p− 2










1, if either r or t=1 ;
2, if |r − t| ≤ 1 and r,t ≥ 2;
r + t, if |r − t| ≥ 2 and r,t ≥ 2.
The join G = G1 + G2 of graphs G1 and G2 and with disjoint vertex sets
V1 and V2 and edge sets E1 and E2 is the graph union G1 ∪G2 together with
all the edges joining V1 and V2. For example Wp = Cp−1 + K1.
Theorem 2.3 For any graph G, γce(Kp+H) = 1 if and only if H is regular
or (k, k+1) bi-regular graph( a graph which all of its vertices has either degree
k or k + 1).
Proof. Let the number of vertices in H is p
′
and let G = Kp + H . we can






p′ which v1, v2, ..., vp the






p′ the vertices of H . Now if H is complete then
clearly any vertex in G is equitable adjacent to all the vertices of G. Similarly
if H regular or (k, k + 1) bi-regular graph any vertex in vi where i = 1, 2, ..., p
is equitable adjacent to all the other vertices in G. Hence γce(Kp + H) = 1.
Conversely, if γce(Kp + H) = 1, then there is a vertex u in G which equitable
adjacent all the other vertices in G we have two cases:
Case 1: u ∈ {v1, v2, ..., vp}, then |deg(u)− deg(v′i)| ≤ 1 for all i = 1, 2, ..., p′,
that means |p − 1 + p′ − degH(v′i) − p| ≤ 1 where degH(v′i) is the degree of
the vertex v
′
i in the graph H and i = 1, 2, ..., p
′
. Hence |p′ − degH(v′i)| ≤ 2
that means p
′ − degH(v′i) ≤ 2. Therefore degH(v′i) ≥ p′ − 2. Hence H is either
regular or bi-regular graph.
Case 2: similarly as in Case 1 if u ∈ v′1, v′2, ..., v′p′ , we get that H is regular or
bi-regular.
Theorem 2.4 For any connected graph G,
γ(G) ≤ γe(G) ≤ γce(G)
Proof. From the definition of the connected equitable dominating set of a
graph G, it is clearly that for any graph G any connected equitable dominating
set D is also an equitable dominating set and every equitable dominating set
is also dominating set. Hence γ(G) ≤ γe(G) ≤ γce(G).
Similarly since every connected equitable dominating set for any connected
graph G is connected dominating set we have the following Theorem.
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Theorem 2.5 For any connected graph G,
γc(G) ≤ γce(G).
.




 ≤ γe(G) ≤ p−Δe(G)
The following Theorem is straightforward from the definition of the connected
equitable domination.
Theorem 2.6 For any graph G with p vertices,
1. 1 ≤ γce(G) ≤ p
2. γce(G) = p if and only if G has p equitable isolated vertices.
3. γce(G) = 1 if there exist at least one vertex v ∈ G, such that dege(v) =
p− 1.




 ≤ γce(G) ≤ 2q − p + 1.
Proof. clearly from the definition of the connected equitable dominating set
we have γce(G) ≤ p− 1, then γce(G) ≤ p− 1 = 2(p− 1)− (p− 1) ≤ 2q− p+1.









 ≤ γce(G) ≤ 2q − p + 1
.
Theorem 2.8 Let G be a connected graph with p vertices and with out any
equitable isolated vertex. Then
1. γce(G) ≤ p− 1.
2. γce(G) ≤ p−Δe(G).
If G is connected graph and H is any spanning subgraph of G then in general
the inequality γe(G) ≤ γe(H) not true similarly the inequality γce(G) ≤ γce(H)
is not true in General see the following example H is spanning subgraph of G
and γce(G) = γe(G) = 3 but γce(H) = γe(H) = 2.













Theorem 2.9 Let G be a connected graph has no non-equitable edge and
H is spanning subgraph of H. Then
γe(G) ≤ γe(H)
Proof. Let G be a connected Graph and let H is the spanning subgraph of
H . Suppose That D is the minimum equitable dominating set of H . Then D
also equitable dominate all the vertices in V (H)−D that is D is an equitable
dominating set in G. Hence γe(G) ≤ γe(H). A straightforward consequence of
Theorem 2.3 is the following.
Theorem 2.10 Let G be a connected graph has no non-equitable edge and
H is connected spanning subgraph of H. Then
γce(G) ≤ γce(H)
A vertex of a graph is said to be pendant if its neighborhood contains
exactly one vertex. and the vertex which adjacent to the pendent vertex is
called support vertex according to this definition we can defined the equitable
pendent vertex as the following.
Definition 2.11 Let G = (V,E) be a graph. A vertex v ∈ E is said to be
equitable pendant if |Ne| = |N(v)| = 1
Theorem 2.12 For any tree T which all its pendents are equitable pen-
dents, γce(T ) = p− ee, where ee is the number of equitable pendent vertices
Theorem 2.13 Let T be tree with n ≥ 3 vertices and every pendent in T
is equitable pendent, then γce(T ) = γe(T ) if and only if every internal vertex
is support.
Proof. Let T be a tree of order n ≥ 3 and every pendent in T is equitable
pendent. Then obviously The set D of all internal vertices is the unique min-
imum connected equitable dominating set in T
Let γce(T ) = γe(T ). So if there exist internal vertex v which is not support
then S − {v} is an equitable dominating set which is contradiction.
Conversely, let every internal vertex of T be support then γe(T ) ≥ |S|. Hence
γce(T ) = γe(T ).
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Theorem 2.14 Let G be a graph without any equitable isolated vertices and
with diameter two. Then γce(G) ≤ δe(G) + 1.
Proof. Let v be any vertex with dege(v) = δe(G). Then obviously Ne[v] is
connected equitable dominating set and hence γce(G) ≤ δe(G) + 1.
3 Connected Equitable Domatic Number
Definition 3.1 Let G = (V,E) be a connected graph. The maximal order
of partition of the vertices V into connected equitable dominating sets is called
connected equitable domatic number of G and denoted by dce(G).
Theorem 3.2 For any graph G, dce(G) ≤ dc(G) ≤ d(G), where d(G), dc(G)
are the domatic and connected domatic number of G respectively.
Proof. let G = (V,E) be a graph Since it is clear that any partition of V
into connected equitable domination set is also partition of V into connected
dominating set, and also any partition of V into connected dominating set is
partition of V into dominating set. Hence dce(G) ≤ dc(G) ≤ d(G).
Theorem 3.3 (i) For any cycle Cp and path Pp with p vertices dce(Cp) =
dce(Pp) = 1




2, if either r or t=1 ;
min{r, s}, if |r − t| ≤ 1 and r,t ≥ 2;
1, if |r − t| ≥ 2 and r,t ≥ 2.
(iii) for any complete graph Kp, dce(Kp) = p.
(iv) For any regular graph or bi regular with bi regularity (k, k + 1), dce(G) =
dc(G).
(v) dce(G) = 1 if and only if G has at least one equitable isolated vertex.
Lemma 3.4 For any connected graph with p vertices and with vertex con-
nectivity k(G) ≤ p − 1, if R its vertex cut and D is the equitable connected
dominating set, then D ∩ R = φ.
Proof. Let C1, C2, ..., Ck be the components of 〈V − R〉 and evidently k ≥ 2.
Suppose that D ∩R = φ. Since 〈D〉 is connected, then 〈D〉 is is a subgraph of
Ci for some i ∈ {1, ..., k}. Let v ∈ Cj for j = i. Then v /∈ D and does not exist
any vertex in D equitable adjacent to v, a contradiction. Hence D ∩ R = φ.
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Theorem 3.5 For any connected graph with p vertices and with vertex con-
nectivity k(G) ≤ p− 1, dce(G) ≤ k(G).
Proof. Let R be a vertex cut with |R| = k(G). Let ς = {D1, D2, ..., Ddce} be
the equitable domatic partition since Di ∩ R = φ for i = 1, 2, ..., dce, the sets
D1 ∩R,D2 ∩R, ..., Ddce ∩ R are pairwise disjoint, therefore dce ≤ k(G).
Theorem 3.6 For any graph G with p vertices, dce(G) ≥ pp−δe(G) .
Proof. Assume that dce(G) = d and {D1, D2, ..., Dd} is a partition of V into
d connected equitable dominating sets, clearly |Di| ≥ γce(G) for i = 1, 2, ..., d
and we have p =
∑d
i=1 |Di| ≥ dδe(G).
Hence dce(G) ≥ pp−δe(G) .
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